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Shape evolutions in ssion dynamics within time-dependent Hartree-Fock approach
M. Pancic,1, 2 Y. Qiang,1 J.C. Pei,1,  and P. D. Stevenson2
1 State Key Laboratory of Nuclear Physics and Technology,
School of Physics, Peking University, Beijing 100871, China
2 Department of Physics, University of Surrey, Guildford, Surrey, GU2 7XH, United Kingdom
We studied the nuclear shape evolutions in ssion process of 240Pu by the time-dependent Hartree-
Fock approach with various Skyrme forces. Calculations are performed for the later phase of the
ssion with large initial deformations towards the scission. We show that calculations with Skyrme
forces with large surface energies and large symmetry energies can have extremely long ssion
evolution time. The symmetry energy plays a role in the evolution of neutron-rich necks. In
addition, we also demonstrated the shape oscillations of ssion fragments after the ssion. We see
that particularly the heavy near-spherical fragments have remarkable octupole oscillations.
I. INTRODUCTION
Nuclear ssion is a very complex and large ampli-
tude collective motion of many-body quantum system-
s. Although ssion was discovered in 1939, the devel-
opment of a fully self-consistent and predictive micro-
scopic ssion theory is still very challenging [1, 2]. The
earlier studies [3, 4] of nuclear ssion are mainly based
on macro-microscopic models, which have gained many
insights about the ssion mechanism. Thanks to the
developments of supercomputing capabilities in recent
years, microscopic ssion theory has achieved remarkable
progresses. The time-dependent Generator-Coordinate
Method [5, 6] as an adiabatic dynamical ssion theory
can describe reasonably well the mass distributions of
ssion yields, based on parallel calculations of complex
potential energy surfaces. On the other hand, the time-
dependent Hartree-Fock (TDHF) or time-dependent den-
sity functional theory [8{15] as a non-adiabatic dynam-
ical theory is helpful for understanding ssion mecha-
nisms, particularly in the part of the trajectory close to
scission.
There are extensive studies of real-time nuclear dynam-
ics based on the time-dependent Hartree-Fock approach.
Indeed, fusion and ssion involving transitions between
one-body and two-body quantum system are unique non-
equilibrium processes. Nuclear dynamics in the TDHF
framework provide an opportunity to probe eective nu-
clear interactions, many-body correlations and transport
properties. TDHF has been extended to TDHF+BCS
and TD-HFB approaches by including dynamical pair-
ing [12, 16]. The pairing interactions has been demon-
strated to increase the ssion lifetime by allowing orbital
exchanges [12]. On the other hand, the pairing can facili-
tate the ssion at some initial deformations where ssion
doesn't occur within TDHF [16]. The eective nucle-
ar forces have also been demonstrated to be important
in heavy-ion collision reactions [18]. For example, the
tensor force is expected to be crucial in nuclear dynamic-
Electronic address: peij@pku.edu.cn
s [19, 20] and in the reproduction of ssion barriers [21].
The eective forces are usually obtained by reproduc-
ing static nuclear properties. The SkM* force has been
widely used for ssion studies with good surface proper-
ties [22]. However, SkM* is not good at descriptions of
global binding energies [23]. The static ssion barrier-
s due to dierent Skyrme forces can lead to signicant
dierences in ssion tunneling lifetimes [24{26]. In addi-
tion, the symmetry energy has been extensively studied
in nuclear collision reactions for transport properties and
equation of state [27{29]. It would be interesting to s-
tudy the role of eective nuclear forces in the evolution
of ssion dynamics while static ssion barriers are not
observables in TDHF.
The real-time nuclear ssion dynamics can be directly
demonstrated by the evolution of nuclear density distri-
butions. The fourier analysis of time-dependent deforma-
tions are connected to collective vibrations and damping
eects. The non-adiabatic ssion studies can only be per-
formed after the saddle of the ssion barrier. The nuclear
shapes at the scission deformation and after scission are
of particular interest. The octupole deformations and
shell eects of ssion fragments are essential for descrip-
tions of ssion yields [15]. The collective oscillations of
ssion fragments are also an interesting topic [10, 30].
The aim of the present work is to study the role of dier-
ent Skyrme force in nuclear ssion dynamics, as well as
the oscillations of ssion fragments based on the TDHF
framework, which can capture the major features of real-
time ssion dynamics, at least close to scission. In this
work, the studies are about the later phase of the ssion
with large initial deformations after the tunneling.
II. THE TDHF THEORY
The TDHF equations can be formally derived from
the time-dependent variational method. In the formal-
ism of density matrices, TDHF is the approximation in
which the two-body interaction term is approximated by
a product of one-body terms [9, 18]. The TDHF equation
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i~
@'k(r; t)
@t
= h(r; t)'k(r; t) (1)
where 'k are the time-dependent single-particle wave
functions in coordinate spaces. The single-particle hamil-
tonian h is also time dependent. The wave functions is
always a Slater determinant during the evolution.
We utilize the 3D Skyrme-TDHF solver Sky3D [31, 32]
and calculations are performed in the 3D uniform coor-
dinate space. There are no symmetry restrictions on the
wavefunctions. For the eective interactions, we adopt-
ed the series of SLy5sX [33] forces to study the inu-
ences of surface energies. In addition, we adopted the
series of SV-sym forces [37] to study the inuences of
symmetry energies. The pairing has not been included
in this work. The grid spacing is set to be 1 fm and
the time step of dynamical evolution takes 0.2 fm/c. In
Sky3D, the time propagator is evaluated by the Taylor
series expansion up to the sixth order [31]. Computations
with these settings have been demonstrated to be good
enough for descriptions of dynamical properties. The
static constrained calculations of 240Pu are rstly carried
out to obtain the wave functions by the axial-symmetric
Skyrme-Hartree-Fock solver Skyax [41], which are in-
puts for time-evolution calculations. The 3D box size in
static and dynamical calculations is taken as 505070
fm, along x, y, z-axis respectively. Note that the stat-
ic wave functions are obtained by the Skyax solver [41]
in axial-symmetric cylindrical coordinate spaces and are
transformed into 3D coordinate spaces by interpolations.
The interpolation from a 2D grid to a 3D grid can result
in small numerical errors, which are around 100 keV in
binding energies. In this case, the initial wave functions
at any constrained quadrupole and octupole deformation-
s (2, 3) can be obtained eciently. The energies and
density distributions as a function of time are the main
outputs of the time-dependent solver.
III. RESULTS AND DISCUSSIONS
A. Inuences of surface energies in ssion
dynamics
The surface energy coecients of eective nuclear
forces are critical properties as the ssion is mainly de-
termined by the competition between surface energies
and Coulomb energies. To study the inuences of sur-
face energies in ssion dynamics, we adopted the series
of SLy5sX forces [33]. These Skyrme forces are obtained
based on the SLy5 force but with varying surface en-
ergies in the t protocol. The properties of equation
of state (EoS) of SLy5sX forces are listed in the Ta-
ble I. The calculated potential energy curves of SLy5sX
forces as a function of quadrupole deformations 2 are
shown in Fig.1. The two-dimensional potential energy
surfaces of 240Pu from dierent calculations can be found
FIG. 1: The ssion barriers of 240Pu calculated by Skyrme
Hartree-Fock+BCS with SLy5sX and SV-sym forces respec-
tively. Calculations are performed with octupole deforma-
tions but without triaxial deformations.
FIG. 2: The evolutions of quadrupole deformations in TDHF
calculations with the SLy5s1, SLy5s3, SLy5s5, SLy5s8 forces.
in Refs.[34{36]. The SLy5s8 has the largest surface en-
ergy and SLy5s1 has the smallest surface energy. Conse-
quently SLy5s8 has the highest ssion barriers.
The TDHF calculations of the ssion process of 240Pu
are performed at the same initial deformations with S-
Ly5s1, SLy5s3, SLy5s5, SLy5s8 forces. Fig.2 shows that
the evolutions of quadrupole deformations, in which ini-
tial deformations are 2=2.4 and 3=0.9 in four calcula-
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3tions. The multipole deformation l is dened as [42],
l =
4
3ARl0
< rlYl0 > (2)
where R0 = 1:2A
1=3 fm. The quadrupole moment shown
in Fig.2 is dened as < r2Y20 >. We can see that in cal-
culations with SLy5s1, SLy5s3, and SLy5s5, 240Pu goes
to ssion very quickly at time around 700 fm/c. With
increasing surface energies, the ssion lifetime increase s-
lightly. However, in calculations with SLy5s8, the ssion
lifetime is extremely long. We see very slow and large-
amplitude oscillations in the quadrupole deformation to-
wards the ssion. The results indicate that the ssion
would be strongly over-damped above a critical surface
energy coecient. This is understandable since the large
surface tension would prohibit the ssion movement.
B. Inuences of symmetry energies in ssion
dynamics
The symmetry energy is expected to be crucial in the
equation of state (EoS) of neutron stars and in exotic
neutron-rich nuclei [38]. In Skyrme forces, the symmetry
energy is density-dependent and is usually determined
according to EoS properties at the saturated density.
The larger symmetry energy coecient indicates that
neutron-rich systems are less stable. In the transport
model, the large symmetry energy could lead to rapid
isospin balance [27]. To study the role of symmetry ener-
gy in ssion dynamics, we calculate the ssion evolutions
with Skyrme forces SV-sym28, SV-bas, SV-sym32, SV-
sym34 [37], which dier in symmetry energy coecients,
but are otherwise similar. The calculated potential ener-
gy curves of SV-sym forces as a function of quadrupole
deformations 2 are shown in Fig.1. The EoS properties
TABLE I: The relevant EoS properties of SLy5sX [33] and
SV-sym [37] forces are listed, including the incompressibility
K (MeV), the symmetry energy asym (MeV), the eective
mass m=m, the slope of the symmetry energy L (MeV), the
surface energy coecient asurf (MeV). For SV-sym forces, L
and asurf are taken from Ref.[28] and Ref.[33], respectively.
Forces K asym m*/m L asurf
SLy5s1 222.1 31.43 0.739 48.1 17.16
SLy5s3 224.3 31.77 0.731 48.4 17.55
SLy5s5 226.4 32.11 0.724 48.6 17.93
SLy5s8 229.1 32.64 0.718 49.0 18.52
SV-sym28 234 28 0.9 7 17.06
SV-bas 234 30 0.9 32 17.24
SV-sym32 234 32 0.9 57 17.38
SV-sym34 234 34 0.9 81 17.49
of SV-sym forces are listed in the Table I. The ssion bar-
rier of SV-sym34 is slightly lower than that of SV-sym28,
although the surface energy coecient of SV-sym34 is s-
lightly larger than that of SV-sym28. This is consistent
with the results of ssion barriers in Ref.[37]. Note that
the surface symmetry energy is important for descrip-
tions of ssion barriers [39]. We also noticed that the
slopes L of symmetry energies of SV-sym forces are very
dierent, which are dicult to be constrained. The series
of SV-sym forces have been used to study the inuences
of symmetry energies in nuclear fusion processes [28].
Fig.3 shows that the quadrupole deformation evolu-
tions with initial deformations of 2=2.25 and 3=0.9 in
our calculations. The initial deformation 2=2.25 used
for SV-sym forces is slightly smaller than 2=2.4 used
for SLy5sX forces. This is because 240Pu doesn't ssion
in calculations with SLy5s8 if the initial deformation is
2=2.25. We can see that in calculations with SV-sym28,
SV-bas, SV-sym32, 240Pu goes to ssion quickly. The s-
sion time is longer than that with SLy5s1-3-5 forces (see
Fig.2), since the initial deformation used for SLy5sX is
slightly larger. The evolutions of SV-sym34 results are
similar to three other cases at the beginning. However,
just before the scission, the ssion with SV-sym34 feel-
s a strong restoring force that delays its ssion. Such
a restoring force has also subtle inuences in SV-sym32
evolutions. The origin of such a restoring force can be
understood that the formation of neutron-rich neck is not
favored due to a large symmetry energy. Both symme-
try energy and surface energy are positive contributions
to total binding energies. During the ssion process, the
kinetic energy and Coulomb energy would decrease while
total energies are conserved. Once the kinetic energies
are strongly dissipated after several oscillations, the s-
sion would nally occur. This is similar with the case of
SLy5s8 with a large surface energy. The ssion life times
of SV-sym28, SV-bas, SV-sym32 are 1260, 1320, 1530
fm/c respectively. We see that with increased symmetry
energies, the ssion lifetimes increase nonlinearly. This
could be related the quantum critical point in dissipation
dynamics [40]. Note that the over-damped ssion phe-
nomena with SV-sym34 would not appear if the initial
deformation is very close to the scission point. The very
dierent slopes of symmetry energies of SV-sym forces
could also play a role in ssion dynamics. In all cases,
the octupole deformations increases very rapidly before
100 fm/c, then varies moderately before scission. At the
scission, the octupole deformations increase more rapid-
ly than quadruple deformations. The evolutions of hex-
adecapole deformations are similar to that of quadruple
deformations before the scission.
C. The collective oscillations of ssion fragments
The shapes of ssion fragments at the scission point
are far away from the equilibrium shapes. The octupole
deformations of the fragments would strongly impact the
I  r vi
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4FIG. 3: The evolutions of quadrupole deformations in TD-
HF calculations with the SV-sym28, SV-bas, SV-sym30, SV-
sym34 forces.
FIG. 4: The TDHF evolutions of quadrupole, octupole, and
hexadecapole deformations of the heavy fragment after the
240Pu ssion with the SV-sym32 force.
ssion yields [15]. For example, 144Ba with favorable oc-
tupole shell eects would play a signicant role in asym-
metric ssion yields [15]. In ssion dynamics, the os-
cillations of ssion fragments can be connected to the
low-lying multipole excitations [30].
Fig.4 shows the multipole deformation oscillations of
the heavy ssion fragment after the 240Pu ssion. The
heavy fragment is around 132Sn and is nearly spherical
at ground state which is resistant to octupole deforma-
tion. However, it can be seen that the oscillation ampli-
tudes of octupole shapes are most signicant compared
to quadrupole and hexadecapole deformation oscillation-
s. This is understandable since the initial octupole defor-
mation is far from equilibrium. The hexadecapole oscil-
lations are also signicant compared to quadrupole oscil-
lations since the initial hexadecapole deformation is very
large. It is interesting to see that the large fragments
have signicant octupole oscillations. The dependence of
FIG. 5: The evolutions of octupole deformations in TDHF
calculations of two ssion fragments with the SV-sym34 force.
The fragment-A is the heavy fragment and fragment-B is the
light fragment.
FIG. 6: The density evolutions of the 240Pu ssion in TDHF
calculations with the SV-sym34 force.
the octupole oscillation frequencies on dierent Skyrme
forces is not signicant.
Fig.5 shows the octupole oscillations of both fragments
of the 240Pu ssion. The corresponding density evolu-
tions are shown in Fig.6. Fig.6 also shows that evolution
of ssion neck before scission in calculations with SV-
sym34. We see that the neck is thin at 1000 fm/c and
becomes thick at 1900 fm/c. The main dierences in
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5nuclear shapes are the evolutions of neutron-rich neck-
s, in which the symmetry energy can play a role. The
shapes of fragments before scission don't change much.
The small fragment around 107Mo has a signicant oc-
tupole deformation before scission. The heavy fragment
around 133Te which is close to 132Sn is nearly spherical
but with an initial octupole deformation before scission.
The sizes of the fragments can vary slightly with dif-
ferent Skyrme forces and initial deformations. The am-
plitudes and frequencies of octupole oscillations of both
fragments are comparable. The two fragments are oscil-
lating with opposite octupole deformations. As shown
in Fig.6, the small fragment has a signicant quadrupole
deformation at equilibrium. The heavy fragment has a
spherical shape at equilibrium so that the octupole oscil-
lation is very signicant. The oscillation frequencies ~!
obtained by Fourier analysis are about 1.3 MeV, which is
much lower than the typical experimental energies of the
octupole vibration states of the fragments. For descrip-
tions of vibrations of fragments, the nite-temperature
QRPA [43] would be appropriate since the fragments are
actually thermal excited.
IV. CONCLUSION
In summary, we studied the shape evolutions in s-
sion process of 240Pu with the TDHF approach. Firstly,
the dependence of Skyrme forces in ssion dynamics has
been investigated. We found that Skyrme forces with
large surface energy coecients and large symmetry en-
ergy coecients can result in extremely long ssion times.
Before the nal scission, in these cases, the ssion process
would be over-damped with slow and small-amplitude
shape oscillations. The symmetry energy can play a role
in the evolution of neutron-rich necks before the scission.
The evolutions of octupole deformations don't follow that
of quadrupole deformations. In addition, we also stud-
ied the shape oscillations of the fragments of the 240Pu
ssion. It is interesting to see that the heavy fragment
which is close to spherical at equilibrium has signicant
octupole oscillations. Both fragments have comparable
octupole oscillation amplitudes and frequencies. On the
other hand, the quadrupole and hexadecapole oscillations
of the fragments are less signicant.
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